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Abstract
We show that in a simple theory T (that eliminates finitary hyperimaginaries) in which the τ f -topologies are closed under
projections (e.g. T has the wnfcp) every type analyzable in a supersimple τ f -open set has ordinal SU -rank. In particular, if
in addition T is unidimensional, the existence of a supersimple unbounded τ f -open set implies T is supersimple. We also
introduce the notion of a standard τ -metric (for countable L) and show that for simple theories its completeness is equivalent
to the compactness of the τ -topology.
c© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Recently, some new results on unidimensional simple theories have been obtained. In [5] it was proved that
unidimensional simple theories either interpret an infinite type-definable group or the global algebraic closure (i.e.
in the sense of automorphisms) of every non-algebraic definable set is the whole universe. It was also shown there
that unidimensional simple theories eliminate the quantifier ∃∞. In [6] it was proved that an almost-complete formula
in a unidimensional simple theory is either weakly minimal or trivially almost-complete (i.e. its unique non-algebraic
extension is isolated) and observed that a small unidimensional simple theory is supersimple of finite SU -rank. In [3]
it is proved that countable unidimensional simple theories with the wnfcp (i.e. the weak non-finite cover property) are
supersimple of finite SU -rank. Moreover, in the proof a certain topology is introduced, the τ -topology. Via the theory
of lovely pairs, this topology plays the role of Hrushovski’s topology (and coincides with it in the stable case), that
was used in his old proof of superstability of countable unidimensional stable theories. A significant part of the proof
consists of showing that in any theory with the wnfcp, the existence of an unbounded τ -open set (see the definition
below) of ordinal SU -rank implies the existence of a definable set of SU -rank 1. In this paper we consider a variant
of the τ -topology, that we call the τ f -topology (that coincides with the τ -topology for low theories) and obtain some
new results on analyzability in supersimple sets (in the general simple context) as indicated in the abstract, under the
assumption that the τ f -topologies are closed under projections (see Definition 3.1). In particular, our results imply
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that a unidimensional simple theory that interprets an unbounded τ f -open set of ordinal SU -rank is supersimple of
finite SU -rank, provided that the τ f -topologies are closed under projections (as we mentioned before, the proof in
[3] reached the same conclusion but under the stronger assumption of the wnfcp, using the lovely pairs). Moreover,
as a by-product of our proof we conclude that in any simple theory, the existence of an unbounded τ f -open set U of
bounded finite SU -rank implies the existence of a definable set of SU -rank 1, and in fact included, after adding some
set A of parameters, in U ∪ acl(A). Thus any unidimensional simple theory that interprets an unbounded τ f -open set
of bounded finite SU -rank is supersimple of finite SU -rank (some of the above results for unidimensional theories
use, in addition, the assumption of elimination of finitary hyperimaginaries).
For reading this paper we only assume a basic knowledge of simple theories (e.g. chapters 1–3 in [8]). Throughout
this paper we work in a large saturated model C of a first-order simple theory T (usually, not necessarily with
elimination of imaginaries).
2. The τ f -topologies
In this section T is assumed to be simple.
In [3] the following topology is introduced. Fix a set A ⊆ C. An invariant set U over A is said to be a basic τ -open
set over A if there are φ(x, z), ψ(y, z) ∈ L(A) such that U = {a|φ(x, a) does not fork over A and ψ(y, a) forks
over A}. We will instead look at the following topology which we call the forking topology.
Definition 2.1. Let A ⊆ C. An invariant set U over A is said to be a basic τ f -open set over A if there is
ψ(y, z) ∈ L(A) such that U = {a|ψ(y, a) forks over A}.
Note that the family of basic τ f -open sets over A is closed under finite intersections (see Claim 2.7), thus forming
a basis for a unique topology on the Stone space Sz(A).
The notion of a low formula introduced independently in [2,7]. A formula φ is said to be low if the Dφ -rank is
finite (see Section 3). In fact, φ(x, y) ∈ L is low iff there is k < ω such that if (bi |i < ω) is indiscernible and
{φ(x, bi)| i < ω} is inconsistent, then {φ(x, bi )| i < k} is inconsistent (see [7, Lemma 5] proof). T is said to be low
if every φ(x, y) ∈ L is low. Note that if φ(x, y) is low then the set {b| φ(x, b) forks over ∅} is type-definable.
Remark 2.2. Let T be a low theory. Then the τ f -topology coincides with the τ -topology.
Proof. Note that the τ f -topology refines the Stone topology and that every basic τ -open set is the intersection of a
basic τ f -open set with the complement of a basic τ f -open set. By the above comment on low formulas we conclude
that every τ -open set is τ f -open.
Remark 2.3. Let a be independent from A, and let φ(x, a) be any formula. Then φ(x, a) forks over A iff φ(x, a)
forks over ∅.
Proof. Suppose φ(x, a) does not fork over A. Pick b |
 φ(x, a) with b | aA . Thus, by symmetry and transitivity,
a | b A . Thus φ(x, a) does not fork over ∅. The other direction is trivial.
Notation 2.4. For χ = χ(x0, x1, . . . , xn, y) ∈ L, let F Kχ(y) be the relation defined by: for all d we have F Kχ (d)
iff χ(x0, x1, . . . , xn, d) forks over ∅.
Claim 2.5. Let A be any set. Let F(x, y) be a type-definable relation over A. Let ΓF (x) = ∃y(F(x, y)∧ y | xA ).
Then ΓF (x) is τ f -closed over A.
Proof. We may clearly assume A = ∅. Let
S = {(φ, χ)| φ = φ(x, y) ∈ L, χ = χ(x, y) ∈ L, and F(x, y)  φ(x, y)}.
Then, by compactness
ΓF (x) ≡
∧
(φ,χ)∈S
[F Kχ(x) → ∃y(¬χ(x, y) ∧ φ(x, y))].
Z. Shami / Annals of Pure and Applied Logic 142 (2006) 115–124 117
Lemma 2.6. Let U be a τ f -open set over ∅ and let A be any set. Then U is τ f -open over A.
Proof. We may clearly assume that U is a basic τ f -open set over ∅. Let ψ(y, z) ∈ L be such that U =
{b| ψ(y, b) forks over ∅}. Let
U∗ =
{
b′| for every d if |
 ψ(d, b′) and d | A then d 
| b′
A
}
.
Now note that U∗ = U and U∗ is τ f -open over A by Claim 2.5.
Claim 2.7. Let U and V each be τ f -open (τ -open) over ∅. Then U × V is τ f -open (τ -open) over ∅.
Proof. This follows directly from the following two observations. The first is: given φ(x, a) and ψ(y, b) such that
x = y, each of φ(x, a) and ψ(y, b) does not fork over ∅ iff φ(x, a) ∧ ψ(y, b) does not fork over ∅. The second
observation says that for φ(x, a) and ψ(y, b) (x and y are not necessarily distinct), both φ(x, a) and ψ(y, b) fork
over ∅ iff φ(x, a) ∨ ψ(y, b) forks over ∅.
Notation 2.8. Let q(y) be a partial type over ∅ and let Ψ = {ψi (xi , y, z)}i∈I be a family of L-formulas. Let
Sq,Ψ = {d| for every b |
 q independent from d over ∅, there exists i ∈ I such that ψi (xi , bd) forks over b}.
Lemma 2.9. Let q and Ψ be as in Notation 2.8. Then Sq,Ψ is τ f -open over ∅.
Proof. Let Γ = {d| d ∈ Sq,Ψ , d is of the same sort as z}. Then Γ (z) ≡ ∃y q(y) ∧
∧
i∈I Γi (y, z) where
Γi (y, z) = ∃xi [ψi (xi , y, z) ∧ (xi y is independent from z over ∅)].
First, let us denote by PF (I ) the family of finite subsets of I and by P xi ,y,zF (L), for i ∈ I , the family of finite subsets
of the set of all L-formulas of the form χ(xi , y, z). Let P xI ,y,zF (L) =
⋃
i P xi ,y,zF (L). For i ∈ I and Δ ∈ P xI ,y,zF (L),
if Δ ∈ P xi ,y,zF (L) let
Γ ′i,Δ(y, z) =
⎛
⎝∧
χ∈Δ
F Kχ(z)
⎞
⎠→ ∃xi
⎡
⎣ψi (xi , y, z) ∧ ∧
χ∈Δ
¬χ(xi , y, z)
⎤
⎦
and otherwise, let Γ ′i,Δ(y, z) = (y = y ∧ z = z). Now, let
Γ ′(z) =
∧
(S,Δ)∈PF(I )×P x I ,y,zF (L)
∃y
[
q(y) ∧
∧
i∈S
Γ ′i,Δ(y, z)
]
.
Subclaim 2.10. (1) Γ = Γ ′ and (2) Γ ′ is τ f -closed over ∅.
Proof. (1) Suppose |
 Γ (d). Let b |
 q be such that |
 Γi (b, d) for all i ∈ I . So there are {ai}i∈I such that for all i
we have
|
 ψi (ai , b, d) ∧ (aib is independent from d over ∅).
In particular, |
 ∧i∈S Γ ′i,Δ(b, d) for every (S,Δ) ∈ PF (I ) × P xI ,y,zF (L). Thus |
 Γ ′(d). Suppose now |
 Γ ′(d).
So, first observe that Σ (y, d) ≡ q(y) ∧∧i∈I Γi (y, d) is a partial type. It is enough to show that every finite subset
of Σ (y, d) is consistent. But, this is guaranteed by our assumption that the invariant set q(y) ∧ ∧i∈S Γ ′i,Δ(y, d)
has a solution (in C) for every (S,Δ) ∈ PF (I ) × P xI ,y,zF (L). We show (2) now. It is enough to show that
ΣS,Δ(z) ≡ ∃y[q(y) ∧
∧
i∈S Γ ′i,Δ(y, z)] is τ f -closed for every (S,Δ) ∈ PF (I ) × P xI ,y,zF (L). Note that ΣS,Δ(z)
is a finite disjunction of invariant sets each of which is of the form: (∨χ∈Δ ¬F Kχ (z)) ∨ ∃y(F∗(y, z)) for some
Stone-closed set F∗(y, z). Thus ΣS,Δ(z) is τ f -closed.
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2.1. τ f -open sets of bounded finite SU-rank
In this subsection we show that in any simple theory every unbounded τ f -open set of bounded finite SU -rank
almost contains a definable set of SU -rank 1, after adding some set of parameters.
Notation 2.11. Let U be an invariant set over A.
(1) We write SUA(U) < α if for every p ∈ S(A) with pC ⊆ U we have SU(p) < α.
(2) We write that SUA(U) = α if Max{SU(p)|p ∈ S(A), pC ⊆ U} = α.
In both notations we omit A when A = ∅. We say that U has finite SU -rank over A if SUA(U) < ω. We say
that U has bounded finite SU -rank over A if SUA(U) = n for some n < ω. We say that U is supersimple over A if
SUA(U) < ∞.
Lemma 2.12. Let U = U(y) be a τ f -open set over ∅ and assume SU(U) = 1. Then U ∪ acly(∅) is Stone-open
(where acly(∅) denotes the set of elements in acl(∅) whose sort is the sort of y).
Proof. We may clearly assume that U is a basic τ f -open set over ∅. Let ψ(x, y) ∈ L be such that U =
{b| ψ(x, b) forks over ∅}. Note that U ∪ acly(∅) = {b| ∀x(ψ(x, b) → b ∈ acl(x)) }. Since the relation y ∈ acl(x) is
Stone-open over ∅ we are done.
Proposition 2.13. Let U be an unbounded τ f -open set over ∅ of bounded finite SU-rank. Then there exists a set A
and θ(x) ∈ L(A) of SU-rank 1 such that θC ⊆ U ∪ acl(A).
Proof. By the assumption, SU(U) = n for some nonzero n < ω. The proof will be by induction on n. If n = 1 then
it follows from Lemma 2.12. Assume n > 1. It is enough to show that there is a τ f -open set V ⊆ U over some set B
with SU(V) = n − 1 (indeed, by the induction hypothesis we will have a set C ⊇ B and θ(x) ∈ L(C) of SU -rank 1
such that θC ⊆ V ∪ acl(C); in particular θC ⊆ U ∪ acl(C)). Let B ⊆ C be such that for some a ∈ U with SU(a) = n
we have SU(a/B) = n −1. Let V = {a ∈ U | a | B }. By Lemma 2.6, U is τ f -open over B and thus V is τ f -open
over B . Clearly SUB(V) = n − 1.
Recall that for an A-invariant set U we say that p ∈ S(A) is (almost-) U-internal if there exists a realization a of p
and there exists b with a | bA such that for some tuple c of realizations of U we have a ∈ dcl(b, c) (respectively,
a ∈ acl(b, c)). The following Fact [4, Theorem 5.6] is useful (a quite similar result has been proved independently in
[8, Proposition 3.4.9]).
Fact 2.14. Let p ∈ S(A) be an amalgamation base and let U be an ∅-invariant set. Suppose p is almost-U-internal.
Then there is a Morley sequence a¯ in p and there is a definable relation R(x, y¯, a¯) (over a¯ only) such that, for every
tuple c¯, R(C, c¯, a¯) is finite and for every a′ realizing p, there is some tuple c¯ from U such that R(a′, c¯, a¯) holds. (In
this case we say that R(x, y¯, a¯) is a definable one-to-finite relation that covers p by U or that R(x, y¯, a¯) is a definable
one-to-finite cover of p by U .)
T is said to have elimination of finitary hyperimaginaries if every type-definable equivalence relation on a
complete finitary type p, both over ∅, is equivalent on p to the intersection of ∅-definable equivalence relations. For an
∅-invariant set U we say that t p(a) is analyzable in U by a real sequence if there exists a sequence I = 〈ai |i ≤ α〉 in
Ceq such that aα = a and t p(ai/{a j | j < i}) is R-internal for every i ≤ α. From Fact 2.14 and the basic facts about
analyzability for hyperimaginaries (see [8], 3.4) it is standard to conclude the following.
Fact 2.15 ([5, Theorem 5.6(2)]). Let T be a unidimensional simple theory with elimination of finitary
hyperimaginaries. Assume T has a non-algebraic supersimple definable set (i.e. a definable set with global D-rank).
Then T has finite SU -rank, i.e., every complete type has finite SU -rank (in fact, for every given sort there is a finite
bound on the SU -rank of all types in that sort).
Thus, we obtain:
Corollary 2.16. Let T be a unidimensional simple theory with elimination of finitary hyperimaginaries. Suppose there
exists an unbounded τ f -open set of bounded finite SU-rank. Then T is supersimple of finite SU-rank.
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3. Analyzability in τf -open sets
In this section T is assumed to be a simple theory.
Definition 3.1. We say that the τ f -topologies over A are closed under projections if a projection of any τ f -open set
over A is τ f -open over A. We say that the τ f -topologies are closed under projections if they are over every set A.
For the following claim let us recall the following characterization from [1] of the wnfcp. Given κ ≥ |T |+, an
elementary pair of models M ⊆ N of a simple theory T is said to be κ-lovely if (i) it has the extension property: for
any A ⊆ N of cardinality < κ and finitary p(x) ∈ S(A), some non-forking extension of p(x) over A ∪ M is realized
in N , and (ii) it has the coheir property: if p as in (i) does not fork over M then p(x) is realized in M . By a lovely
pair (of models of T ) we mean a |T |+-lovely pair.
Let L P be L together with a new unary predicate P . Any pair (N, M) of models of T can be considered as an L P -
structure by taking M as the interpretation of P . A basic property from [1] says that any two lovely pairs of models
of T are elementarily equivalent, as L P -structures. So TP , the common L P -theory of lovely pairs, is complete.
L+P denotes the language obtained by adjoining to L P a new relation symbol Rφ(x) for each L-formula φ(x, y).
T +P will be the L
+
P -theory obtained by adding to TP the sentences ∀x(Rφ(x) ↔ ∃y(P(y) ∧ φ(x, y)). Now, by
definition, a theory T has the wnfcp if for each L-formula φ(x, y), the Dφ-rank is finite and definable (the Dφ-rank
of a formula ψ(x, a) is defined by: Dφ(ψ(x, a)) ≥ 0 if ψ(x, a) is consistent; Dφ(ψ(x, a)) ≥ α + 1 if for some b,
Dφ(ψ(x, a) ∧ φ(x, b)) ≥ α and φ(x, b) divides over a; and for limit δ, Dφ(ψ(x, a)) ≥ δ if it is ≥ α for all α < δ).
By definition, a formula φ is low iff the Dφ-rank is finite. The characterization of the wnfcp is given by the following.
Fact 3.2 ([1]). Let T be simple. Then the following are equivalent.
(i) T has the wnfcp,
(ii) T is low and T +P has quantifier elimination (in the language L+P ),
(iii) For some (any) κ ≥ |T |+, any κ-saturated model of TP is a κ-lovely pair,
(iv) For some (any) κ ≥ |T |+, some κ-lovely pair is κ-saturated (as an L P -structure).
(A proof of (iv) implies (i) does not appear in [1], but the proof is quite easy.)
Remark 3.3. If T has the wnfcp, then T has the wnfcp over every set A.
Proof. By Fact 3.2 it is enough to show that if (N, P N ) is a (|A| + |T |)+-saturated ((|A| + |T |)+-) lovely-pair of T
then (N, P N , a)a∈A∗ is a |TA|+-saturated lovely-pair of models of TA, where A∗ ⊆ P N is an L-isomorphic copy of
A (and TA is T over the constants A). This is immediate.
The following claim was essentially proved in [3].
Claim 3.4. Let T be a theory with the wnfcp. Then the τ f -topologies are closed under projections. In fact, the
projection of a basic τ f -open set is a basic τ -open set (recall that since T is low the τ f -topologies coincide with the
τ -topologies).
Proof. By Remark 3.3 we may work over ∅. By Fact 3.2 we can work in a large saturated lovely pair (M¯, P).
We let P N F be the set of elements in M¯ which are independent from P over ∅. Let U = U(x, y) be a basic
τ f -open set and let V(x) = ∃yU(x, y). Thus there is ψ(w, xy) ∈ L such that U = {ab|ψ(w, ab) forks over ∅}. Let
Uˆ (x, y) = ¬∃w ∈ P(ψ(w, xy)) regarded as an L P -formula. Let V˜ (x) = ∃yUˆ(x, y). Thus V˜ (x) is clopen in S(TP )
(in the Stone topology). Now, since T +P has elimination of quantifiers in L+P it is enough to show that V˜ (x) and V(x)
coincide on P N F . First, let a ∈ P N F ∩ V˜ . Then there exists b ∈ M¯ such that Uˆ(a, b). Now, by the definition of Uˆ
and the fact that (M¯, P) is a lovely pair, ψ(x, ab) forks over P and in particular over ∅, and hence V(a). Suppose
now that a ∈ P N F ∩ V . Let b ∈ M¯ be such that U(a, b). By extension in (M¯, P) let b′ |
 t p(b/a) be such that b′ is
independent from Pa over a. Thus ab′ is independent from P over ∅ and therefore Uˆ(a, b′), and hence V˜ (a).
Remark 3.5. Note that the converse of Claim 3.4 is false. Indeed, let T be the theory of an equivalence relation with
exactly one class of n-elements for every n. Then clearly T does not satisfy the wnfcp; however, it is easy to check
that (Sx (A), τ ) is discrete for every finite tuple of variables x and any set A. In particular, the τ -topologies in T are
closed under projections.
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For A-invariant sets U,V , we will say that V is almost-U-internal over A if t p(d/A) is almost-U-internal for every
d ∈ V . Now the key step for the main result is the following proposition.
Proposition 3.6. Suppose the τ f -topologies are closed under projections. Let U be τ f -open over ∅. Suppose
p ∈ S(A) is almost-U-internal. Then there is a (basic) τ f -open set U∗ over A such that pC ⊆ U∗ and such that
U∗ is almost-U-internal over A.
Proof. For simplicity assume that p is an amalgamation base (otherwise, replace R below by a bounded set of
conjugates of R that cover p by U). By Fact 2.14, there is a definable one-to-finite relation R(x, y, a¯) that covers
pC by U (where a¯ is a finite initial segment of a Morley sequence of p). By Lemma 2.6, U is τ f -open over a¯. By the
assumption that the τ f -topologies are closed under projections and Claim 2.7, we conclude that Ra¯[U] = {d| there
exists a tuple c¯ from U such that |
 R(d, c¯, a¯)} is τ f -open over a¯. By Lemma 2.6, Ra¯[U] is τ f -open over Aa¯. Now,
work over A. There are basic τ f -open sets V ia¯ over Aa¯ such that
⋃
i V ia¯ = Ra¯[U]. Let ψi (xi , w¯, z) ∈ L(A) be such
that V ia¯ = {d| ψi (xi , a¯, d) forks over Aa¯}. Let q = t p(a¯/A) and let Ψ = {ψi }i . By Lemma 2.9, U∗ = Sq,Ψ is a
τ f -open set over A.
Subclaim 3.7. pC ⊆ U∗ and U∗ is almost-U-internal over A.
Proof. First, let d ∈ U∗. Choose a¯′ |
 t p(a¯/A) that is independent from d over A. Then by the definition of U∗, there
exists i such that ψi (xi , a¯′, d) forks over Aa¯′. Hence d ∈ V ia¯′ . Since V ia¯′ ⊆ Ra¯′ [U], d ∈ acl(a¯′, c¯) for some tuple c¯
from U . Hence t p(d/A) is almost-U-internal. It remains to show pC ⊆ U∗. Indeed, whenever d ∈ pC , there exists i
such that d ∈ V ia¯ . Hence, if d ∈ pC , then for every A-conjugate a¯′ of a¯ there exists i such that d ∈ V ia¯′ . Hence, in
particular d ∈ U∗ = Sq,Ψ . This completes the proof of Proposition 3.6.
Lemma 3.8. Let U be any ∅-invariant set and let U∗ be a τ f -open set over A. Assume U∗ is almost-U-internal over
A. Let a ∈ U∗. Then there exists a finite A0 ⊆ A such that tp(a/A0) is almost-U-internal.
Proof. We may clearly assume that U∗ is a basic τ f -open set over A. Let ψ(y, z) ∈ L(A) be such that U∗ =
{a′| ψ(y, a′) forks over A}. Let A0 ⊆ A be the parameters of ψ(y, z). Let a∗ realize a non-forking extension of
t p(a/A0) over A. Then, by Remark 2.3, ψ(x, a∗) forks over A. Thus a∗ ∈ U∗. Hence t p(a∗/A) is almost-U-internal.
Since a∗ is independent from A over A0 we conclude that t p(a/A0) is almost-U-internal.
Remark 3.9. Let (ai |i ≤ α) be any sequence and let U be any ∅-invariant set. Assume that for every i there exists a
finite Fi ⊆ Ai = {a j | j < i} such that t p(ai/Fi ) is almost-U internal. Then there is a finite I0 ⊆ α + 1 with α ∈ I0
such that t p(ai/{a j | j ∈ I0 ∩ i}) is almost-U-internal for every i ∈ I0.
Proof. Easy induction, using the fact that whenever t p(a/A) is almost-U-internal then t p(a/B) is almost-U-internal
for every B ⊇ A.
The following fact is an immediate corollary of [5, Theorem 4.10] (we will only need a weak version of it).
Fact 3.10. Assume for simplicity of notation that t p(a)  Lstp(a) for all a (e.g. work over bdd(∅), the set of bounded
hyperimaginaries). Suppose p ∈ S(∅) is almost-R-internal for an ∅-invariant set R. Let I M(p,R) be the internal
multiplicity of p inR (as defined in [4]), that is, I M(p,R) is the minimal natural number n such that there is a Morley
sequence (ai |i ≤ ω) of p and a tuple c of realizations of R such that n = mult(aω/(ai |i < ω), c). Let (a∗i |i ≤ ω) be
a Morley sequence of p and c∗ a tuple of realizations of R such that mult(a∗ω/(a∗i |i < ω), c) = I M(p,R). Let a˜ be
the (finite) set of realizations of t p(a∗ω/(a∗i |i < ω), c) considered as an imaginary element. Then a˜ is in the definable
closure of a single realization of p and p˜ = t p(a˜) has a fundamental system of solutions over R (i.e. there exists a
tuple of realizations of p˜ such that every realization of p˜ is in the definable closure of this tuple and some tuple of
realizations of R). In particular, p˜ is R-internal and a realization of it is interalgebraic with a realization of p.
Theorem 3.11. Assume the τ f -topologies are closed under projections. Let p ∈ S(∅) and let U be a τ f -open set over
∅. Suppose p is analyzable in U by a real sequence. Then p is analyzable in U in finitely many steps. In particular, by
Claim 3.4 the above is true for any theory with the wnfcp.
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Proof. Let a |
 p. By the assumption, there exists an analysis of a in U , that is, a sequence (ai |i ≤ α) in Ceq
such that pi = t p(ai/Ai ) is U-internal for every i and aα = a, where Ai = {a j | j < i}. By Proposition 3.6, for
every i there exists a τ f -open set Ui over Ai such that Ui ⊇ piC and such that Ui is almost-U-internal over Ai . By
Lemma 3.8, for every i there exists a finite Fi ⊆ Ai such that t p(ai/Fi ) is almost-U-internal. By Remark 3.9, p is
almost-analyzable in U in finitely many steps (i.e. in each step of the analysis we have a type almost-internal in U).
By repeated applications of (the “In particular” part of) Fact 3.10 we can get an analysis of a in U of finite length.
Note the following easy remark.
Remark 3.12. Let q ∈ S(B) and let U be an A-invariant set for some A ⊆ B say. Suppose q is almost-U-internal and
U has finite SU -rank (ordinal SU -rank). Then SU(q) < ω (SU(q) < ∞).
Corollary 3.13. Suppose the τ f -topologies are closed under projections. Let p ∈ S(∅) and let U be a τ f -open set
over ∅ which is supersimple over ∅. Assume p is analyzable in U by a real sequence. Then SU(p) < ∞. In particular,
by Claim 3.4 the above is true for any theory with the wnfcp.
Corollary 3.14. Let T be a unidimensional simple theory in which the τ f -topologies are closed under projections
and assume T has elimination of finitary hyperimaginaries. Suppose there exists an unbounded supersimple τ f -open
set. Then T is supersimple of finite SU-rank.
4. Compatible τ -metrics
Here we introduce the notion of a standard τ -metric (for countable L) and show that its completeness is equivalent
to the assumption that the τ -topology is compact. In this section T is an arbitrary complete theory unless otherwise
stated.
Recall that for a type p(x) ∈ Sx (M) the class of p is defined by:
cl(p) = {φ(x, y) ∈ L| φ(x, a) ∈ p for some tuple a from M}.
Definition 4.1. Fix a variable x . The Poizat space, denoted by C Lx (T ), is the set {cl(p)|p ∈ Sx (C)} equipped with
the basic open sets Uφ,ψ = {cl(p)|φ ∈ cl(p), ψ ∈ cl(p)}, for all φ = φ(x, y), ψ = ψ(x, z) ∈ L.
Recall that the underlying set of C Lx (T ) together with ⊆ was called by Poizat the fundamental order of T (in the
variable x).
Claim 4.2. For every theory T , C Lx (T ) is a compact (Hausdorff) space.
Proof. Add a predicate P , and use compactness (using the existence of heirs one may work with small models instead
of C).
Claim 4.3. For every T the obvious projection from C Lx (T ) to Sx (T ) (equipped with the Stone topology) is
continuous. If T is simple then (Sx (T ), τ ) (i.e. the Stone space equipped with the τ -topology) is embedded as a
subspace of C Lx (T ). If T is a countable low theory, then (Sx (T ), τ ) is embedded in C Lx (T ) as a Gδ-subset.
Proof. The first part is trivial. For the second part let us define θ : (Sx (T ), τ ) → C Lx (T ) by θ(p) = Cp where
Cp is the unique maximal class among non-forking extensions of p over C, namely Cp = {φ(x, y) ∈ L|φ(a, y)
does not fork over ∅ for a |
 p} (by the independence theorem). Now, it is clear that the relative topology
of C Lx (T ) on the image of θ is precisely the τ -topology. Assume now that T is a countable low theory. Let
Mn f = {C|C = Cp for some p ∈ Sx (T )}. For every φ(x, y) ∈ L let {χφi (x)}i<ω be the set of all formulas in x
such that F Kφ(x)  χφi (x). Then C ∈ Mn f iff for every formula φ(x, y) ∈ L we have the following:
(1) if ¬χφi (x) ∈ C for some i , then φ(x, y) ∈ C ,
(2) if χφi (x) ∈ C for every i , then φ(x, y) ∈ C .
Thus Mn f is a Gδ subset of C Lx (T ).
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Remark 4.4. Note that if X is any Hausdorff space and G is a Gδ subset of X such that G¯ is a Baire space (i.e. the
intersection of countably many open dense sets in it is dense), then G is a Baire space. In particular, any Gδ subset of
a locally compact regular space or a complete metric space is a Baire space.
The following is an interpretation of the Stone space Sx (TP) of the theory of lovely pairs of T in terms of (Poizat)
classes, in the case where T has the wnfcp.
Claim 4.5. Let us say that a class C ∈ C Lx (T ) is canonical if C is the maximal class among all the non-forking
extensions of some canonical type (= the restriction of some p ∈ S(C) to its canonical base). Let C Lcx (T ) ⊆ C Lx (T )
denote the set of all canonical classes, and equip C Lcx (T ) with the relative topology. If T has the wnfcp and TP is
the theory of lovely pairs of models of T , then C Lcx (T ) is homeomorphic to the Stone space Sx (TP). In particular,
C Lcx (T ) is a compact space.
Proof. Define θ : Sx (TP) → C Lx (T ) by
θ( pˆ) = {φ(x, y) ∈ L| ∃y(P(y) ∧ φ(x, y)) ∈ pˆ}.
Let (M¯, P) be a large saturated lovely pair of models of T . First, we note that θ [Sx(TP)] is the set of canonical classes.
Indeed, a class C is canonical iff for some canonical type p ∈ S(e) we have
C = {φ(x, y) ∈ L| φ(a, y) doesn’t fork over e for a |
 p}.
Clearly, θ( pˆ) is the class of t pL(a/P) for a ∈ pˆM¯ . Now, for all φ(x, y) ∈ L we have φ(x, y) ∈ cl(t pL(a/P)) iff
φ(a, y) does not fork over e = Cb(t pL(a/M)) (by the properties of canonical bases and lovely pairs). Thus θ( pˆ) is a
canonical class for every pˆ ∈ Sx (TP). If C is the canonical class of a canonical type p ∈ S(e) (e is a hyperimaginary),
we may, of course, assume the domain of p is in (the definable closure of) P . By extension, there exists a ∈ pM¯ that
is independent from P over e. Then by the coheir property cl(t p(a/P)) = C . Now, by the basic properties of lovely
pairs θ is 1–1 (the class determines the L P -type) and θ is clearly continuous. Thus, by compactness of Sx (TP) we
conclude that θ is a homeomorphism from Sx (TP) onto C Lcx (T ).
4.1. Compatible metrics
Before introducing the compatible τ -metrics, it will be convenient to define a topological notion, called a
compatible metric, for a Hausdorff space with a countable basis of clopen sets. For the rest of this subsection, X
will denote a Hausdorff space with a countable basis of clopen sets B = {Ui |i < ω}.
Definition 4.6. We say that a metric d on the underlying set of X is compatible with B if the following conditions
hold.
(1) For every N < ω there exists N > 0 such that for every x, y ∈ X if d(x, y) < N then [x ∈ Un iff y ∈ Un for
all n < N].
(2) For every  > 0 there exists N < ω such that for every x, y ∈ X if [x ∈ Un iff y ∈ Un for all n < N ] then
d(x, y) < N .
Remark 4.7. Note that the notion “d is compatible with B” does not depend on the enumeration of B.
Claim 4.8. Suppose d is a metric on the underlying set of X which is compatible with B. Then d induces the topology
of X. Moreover, such a metric always exists on X, for instance let
d(x, y) =
∑
n<ω
1
2n
dn(x, y)
where dn : X → {0, 1} is defined by dn(x, y) = 0 iff [x ∈ Un iff y ∈ Un].
Proof. Easy.
Claim 4.9. Suppose d1, d2 are both metrics on X that are compatible with B. Let I = (ai |i < ω) be any sequence
of elements in X. Then I is Cauchy with respect to d1 iff I is Cauchy with respect to d2. Thus (X, d1) is a complete
metric space iff (X, d2) is.
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Proof. Easy by Claim 4.8.
Remark 4.10. Let Y be a subspace of X (thus Y is clearly Hausdorff and has a countable basis of clopen sets). Let d
be a metric on X that is compatible with B. Then, clearly, the metric d|Y is compatible with B|Y ≡ {Un ∩ Y |n < ω}.
4.2. Compactness and completeness
Here we define the compatible τ -metrics in general and their subclass, the standard τ -metrics and show the result
mentioned in the abstract. In this subsection T is assumed to be a countable simple theory.
Definition 4.11. Let X = (Sx (T ), τ ) for some fixed variable x . A compatible τ -metric is a metric d on X that is
compatible with some basis of X . A standard τ -metric is a metric d on X that is compatible with the standard basis
(the basic τ -open sets defined in Section 2). A Poizat-metric is a metric on C Lx (T ) that is compatible with some
basis for the Poizat topology on C Lx (T ).
Remark 4.12. Note that if B is the standard basis of C Lx (T ) (the basis in Definition 4.1) then B|Sx(T ) (via the
embedding given in Claim 4.3 proof) is the standard basis of (Sx (T ), τ ).
Proposition 4.13. Let d be a standard τ -metric (on Sx (T )). Then (Sx (T ), d) is a complete metric space iff the
τ -topology is compact.
Proof. First, assume (Sx (T ), d) is a complete metric space. Let B be the standard basis of C Lx (T ). By Remark 4.12,
B|Sx(T ) is the standard basis of the τ -topology. Let d¯ be a (Poizat-)metric on C Lx (T ) that is compatible with B (it
exists by Claim 4.8). By Remark 4.10, d ′ = d¯|Sx(T ) is compatible with B|Sx(T ). Thus d ′ is a standard τ -metric.
By Claim 4.9, d ′ is complete. By Claim 4.8, d¯ induces the Poizat topology on C Lx (T ). By Claim 4.2, C Lx (T ) is
compact and thus (C Lx (T ), d¯) is complete. Since d ′ is complete, we conclude that Sx (T ) is closed in C Lx (T ).
Since C Lx (T ) is compact, (Sx (T ), τ ) is compact. Assume now that the τ -topology is compact. d is in particular a
compatible τ -metric, and thus by Claim 4.8 d induces the τ -topology on Sx (T ). Thus (Sx (T ), d) is a complete metric
space.
Remark 4.14. Note that if (X, τ0) is a compact Hausdorff topological space and (X, τ1) is any finer topology which
is still compact, then τ1 = τ0. In particular, the compactness of the τ -topology (τ f -topology) on Sx (T ) is equivalent
to the assumption that the Stone-topology on Sx (T ) and the τ -topology (τ f -topology) on Sx (T ) coincide.
Claim 4.15. Let T be any simple theory and let S be a sort such that SU(a) = 1 for every a ∈ CS. Let x be a variable
for the sort S. Then (Sx (T ), τ f ) is the Stone-topology. Thus, if T is low, (Sx (T ), τ ) is the Stone-topology as well.
Proof. Just like the proof of Lemma 2.12.
Remark 4.16. Note that the assumption that (Sx (T ), τ ) is the Stone-topology does not imply Sx (T ) is finite. Indeed,
let L = {En}n<ω and let T be the L-theory saying that the En-s are independent equivalence relations, each of which
has exactly two classes. Then, if A = acleq(∅) and S is the home sort, the assumptions of Claim 4.15 hold for TA
with S (where TA is T after naming each element of A). However, Sx (TA) has size continuum (and TA is stable, and
thus in particular low).
Remark 4.17. By Proposition 4.13 and Remark 4.14 we may guess that completeness of a standard τ -metric is quite
uncommon. Note, however, that in the stable case there is a metric (pointed out implicitly in Hrushovski’s old proof of
supersimplicity of countable unidimensional stable theories) on Sx (T ) that induces the τ -topology and makes Sx (T )
into a complete metric space. Indeed, stability of T implies that, say working over acleq(∅), the basic τ -open sets can
be chosen to be the sets of the form Upφ = {p ∈ Sx (T )| p extends pφ} where pφ is some complete φ-type over ∅.
Now, fix an enumeration {φn(x, yn)}n<ω of all L-formulas with first free variable x . Let
d(p, q) =
∑
n<ω
1
2n
dn(p, q)
where dn : Sx (T ) → {0, 1} is defined by dn(p, q) = 0 iff p|φn = q|φn. Then d has the required properties.
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